In a lithium-ion battery, both electrodes are atomic frameworks that host mobile lithium ions. When the battery is being charged or discharged, lithium ions diffuse from one electrode to the other. Such an insertion reaction deforms the electrodes and may cause the electrodes to crack. This paper uses fracture mechanics to determine the critical conditions to avert insertion-induced cracking. The method is applied to cracks induced by the mismatch between phases in LiFePO 4 .
Averting cracks caused by insertion reaction in lithium-ion batteries
In a lithium-ion battery, both electrodes are atomic frameworks that host mobile lithium ions. When the battery is being charged or discharged, lithium ions diffuse from one electrode to the other. Such an insertion reaction deforms the electrodes and may cause the electrodes to crack. This paper uses fracture mechanics to determine the critical conditions to avert insertion-induced cracking. The method is applied to cracks induced by the mismatch between phases in LiFePO 4 .
Lithium-ion batteries of high energy densities have rapidly become the batteries of choice for portable electronics. 1 These batteries are being further developed as a key part for the technology of clean and secure energy.
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Battery-powered cars will reduce pollution, promote renewable energy, and maintain individual mobility.
At the heart of a lithium-ion battery is a process that couples electrochemistry and mechanics. In the battery, two electrodes are separated by an electrolyte. Each electrode is an atomic framework that conducts both lithium ions and electrons, while the electrolyte conducts lithium ions but not electrons. When the battery is being charged or discharged, the two electrodes are connected by an electronic conductor. The difference in the electrochemical potentials of lithium in the two electrodes motivates lithium ions to move from one electrode to the other through the electrolyte. To maintain electrical neutrality, electrons flow from one electrode to the other through the electronic conductor. This process, in which an atomic framework absorbs or releases mobile atoms, is known as an insertion reaction. 5, 6 When large amounts of lithium atoms are inserted into or extracted from the framework, the electrodes deform substantially.
The insertion-induced deformation is often constrained by the mismatch between active and inactive materials, between grains of different crystalline orientations, and between phases of different concentrations of lithium (Fig. 1) . Under such constraints, the insertion or extraction of lithium induces in an electrode a field of stress, which may cause the electrode to form cracks. [7] [8] [9] The cracks may break pieces of active material from the electrode, causing the capacity of the battery to fade. 9, 10 The cracks also expose fresh surfaces of active materials to the electrolyte, possibly degrading the chemical stability and safety of the battery. 10 This paper describes a method to determine conditions that avert insertion-induced cracking. To focus on essential ideas, we consider cracks caused by the mismatch between different phases in LiFePO 4 , a material used as cathodes because of its high energy density, low cost, and thermal stability. 11 Although LiFePO 4 has low electronic conductivity in its native state, electrochemical performance can be improved substantially in many ways, such as carbon coating, 12 doping, 13,14 and reducing particle size. 15, 16 Our calculation determines the critical size of particles, below which cracking will not occur. This conclusion is consistent with existing experimental observations. 10, 17, 18 Insertion-induced cracking in batteries have been analyzed in previous studies, using thin-film model 19 and core-shell model. [20] [21] [22] [23] Here we describe a model on the basis of realistic geometry of LiFePO 4 particles.
Our model is formulated in terms of fracture mechanics. 24 Cracklike flaws are assumed to pre-exist in a crystalline particle of LiFePO 4 . The particle is in a state of stress caused by the mismatch between two phases of the crystal. We ask if the stress will cause any of the flaws to advance. The elastic energy in the particle reduces when a crack advances. The reduction of the elastic energy in the particle associated with the crack advancing a unit area defines the energy release rate G. Dimensional considerations dictate that the energy release rate should take the form
where E is an elastic modulus, e m a mismatch strain, and d a length characteristic of the size of the particle. The dimensionless coefficient Z is determined by solving the boundary-value problem of elasticity.
As the crack advances in the particle, the elastic energy of the particle reduces, but the area of the crack increases. The crack cannot advance if
where g is the surface energy.
One difficulty in applying fracture mechanics is that the dimensionless coefficient Z varies with a large number of parameters, including ratios of various elastic moduli, of various mismatch strains, and of various lengths. To circumvent this difficulty, we adopt the following approach. We will study particles of shapes observed in experiments. Once the particle is given, Z can still vary with the location and length of the crack. We assume that the crack is on the cleavage planes of the crystal and then vary the length of the crack to maximize Z.
When all parameters are fixed except for the length of the crack, Z is a function of the dimensionless ratio:
where L is the length of the crack. Denote the maximal value of this function by Z max . No cracks can advance if the crack of maximal energy release rate is below the surface energy, namely,
This condition defines a critical particle size, given by
When the particle is smaller than this critical size, no preexisting cracks in the particle can advance. The aforementioned approach has been used to analyze many systems, such as polycrystals, 25 composites, 26 and thin films. 27 We now apply this approach to particles of LiFePO 4 . LiFePO 4 is an atomic framework of the olivine structure (Fig. 2) . In the b direction of the framework are tunnels, in which lithium ions diffuse. 9, 17, 18, 28 The crystal has two phases: the lithium-rich phase noted as LiFePO 4 , and the lithium-poor phase noted as 
This state of strains is anisotropic. We analyzed the field of stress by using a commercial finite element package, ABAQUS. The mismatch strains associated with the phase transition, Eq. (6), were applied as if they were caused by thermal expansion. The particles were assumed to deform under no external constraint. The crack tip was densely meshed, with the smallest element around the crack tip being 10 À4 times 17 we assumed that the particles were either platelike or equiaxed. Figure 3 illustrates a platelike particle, where the phase boundary is the bc plane. We consider a crack on this plane. The observed average dimensions of the platelike particles were 4 Â 2 Â 0.2 mm. 17 The thickness of the particles was much smaller than the lateral dimensions, so that the plates were taken to deform under the plane-stress conditions. The calculated energy release rate is plotted as a function of the crack length. When the crack is short, the elastic energy in the particle does not change appreciably when the length of the crack changes, and the energy release rate is small. When the crack is long, the elastic energy in the particle is nearly fully relaxed, and the energy release rate is also small. The energy release rate maximizes when the crack is of an intermediate length, giving Z max ¼ 0.0363. The surface energy of bc plane from the first-principles calculation is g bc ¼ 0.66 J/m 2 . 29 The value of c 11 in the stiffness matrix of FePO 4 was used for normalization, which is 166.5 GPa. From Eq. (5), the critical size of the platelike particle is estimated to be d critical ¼ 605 nm. Figure 4 illustrates particles of an equiaxed shape. The equiaxed particles were taken to deform under the planestrain conditions. Experimental observations have shown that the phase boundary is on the ac plane, and the crack can be on the two cleavage planes, bc plane, or ac plane. 17 In the finite-element calculation, the equiaxed particle is taken to deform under the plane strain conditions. Figure 4 (a) plots the calculated energy release rate as a function of the crack length for a crack on the bc plane, giving Z max ¼ 0.0065. In this configuration, the LiFePO 4 phase is under compression near the phase boundary, but is under tension near the face of the particle, where a crack is taken to initiate. Figure 4 (b) plots the calculated results for a crack on the ac plane, giving Z max ¼ 0.0524. Consequently, the critical particle size should be determined by the crack on the ac plane. The crack is induced by elongation of FePO 4 during insertion in a direction. Again based on first principle, the elastic modulus in a direction is 166.5 GPa and surface energy of ac plane g ac ¼ 0.64 J/m 2 . 29 Similarly, the critical particle size for equiaxed particle calculated from Eq. (5) is d critical ¼ 58 nm.
Experimental observations of cracked particles reported in the literature are limited. Cracks were found in a platelike particle of dimensions 4 Â 2 Â 0.2 mm.
17,18
Cracks were also found in equiaxed particles of size 300 to 600 nm and 200 nm.
9,17 Also when particle size is smaller than 30 nm, no fracture was observed. 30 These experimental observations are consistent with the critical particle size calculated in this paper.
To further test the accuracy of this model, more experimental data on cracks in particles of different sizes and shapes are needed. In reality, the crack may initiate from sites other than those simulated in this paper. For example, for the equiaxed particle shown in Fig. 4(a) , the FePO 4 phase is under tension near the phase boundary, FIG . 3. Energy release rate for a crack on the phase boundary in a platelike LiFePO 4 particle.
FIG. 4.
In an equiaxed LiFePO 4 particle, energy release rate of (a) a crack in a phase and (b) a crack on the phase boundary.
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where the crack may initiate. We have not simulated all possible sites of crack imitation, but have illustrated the approach using configurations in Figs. 3 and 4 . In addition, in calculating critical particle sizes, we have used the elastic moduli and surface energies determined by first-principles calculations. 29 It is well known that the critical energy release rate is typically larger than two times the surface energy. 24 Both the elastic moduli and critical energy release rates should be ascertained by future experiments.
In summary, we have applied fracture mechanics to study insertion-induced cracking in LiFePO 4 particles caused by the mismatch between different phases. We estimate the maximal energy release rate among various cracks. When the maximal energy release rate is below the critical value, no cracks in the particle can advance. This approach enables us to calculate the critical particle size to avert insertion-induced cracking. We hope that more experimental data will be made available to compare with the theoretical calculation.
